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Abstract. In this paper, we investigate the limit set of normaUzed roots of 
infinite Coxeter groups of rank 3. Moreover, we obtain that the set of such 
accumulation points coinsides with the closure of the orbit of one point of 
normalized limit roots. 



1. Introduction 

The theory of Coxeter groups has been developed from not only combinatorial 
but also geometrical aspects. One of the most fundamental and important objects 
associated with Coxeter groups is root systems. In the case of a finite Coxeter 
group, which is nothing but a finite reflection group, its roots correspond to normal 
vectors of hyperplanes defining Euclidean reflections. In the case of an infinite 
Coxeter group, if it is an affine reflection group, which is a small class of infinite 
Coxeter groups, then its roots also correspond to normal vectors. However, little 
investigation on roots has been done for the case of general infinite Coxeter groups. 
This paper is devoted to analyzing roots of all infinite Coxeter groups of rank 3. 
Concretely, we solve [31 Conjecture 3.9] for rank 3 Coxeter groups. 

Hohlweg, Labbe and RipoU proposed in [S] Conjecture 3.9] that the distribution 
of accumulation points of roots of infinite Coxeter groups can be described as some 
appropriate set of points. In fact, they showed that such points lie in the projected 
isotropic cone Q. From geometrical viewpoints, as is well known in the theory of 
discrete groups of Mobius transformation, to study accumulation points is nothing 
but to study the interaction between ergodic theory and discrete groups. That 
has rich geometrical aspects and the theory stands as a well developed branch of 
mathematical reserch. However, in order to establish that theory, the hyperbolicity 
of the space plays a crucial role. On the other hand, the Coxeter groups act on the 
fiat space. So one of our motivation is to inspect an analogue for the Coxeter groups, 
and to disclose the difference between flat and hyperbolic from accumulation points. 

Recall that W is a, Coxeter group of rank n with the generating set 5' if is 
generated by the set S — {si, . . . , s„} subject only to the relations (siSj)™'J = 1, 
where m^j e Z>i U {cxd} for ^ < i < j < n and ma = 1 for 1 < i < n. More 
precisely, we say that the pair (W, S) is a Coxeter system. We refer the reader to 
[3] for the introduction to Coxeter groups. 

For a Coxeter system {W, S) of rank n, let be a real vector space with its 
orhonormal basis A = {a^ : s G S*} and we define a symmetric bilinear form on V 
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if iriij < oo, 
if rriij = oo 



< -1 



for 1 < i < j < n, where — a^. Classically, B{ai,aj) = —1 if rriij = oo, but 
throughout this paper, we allow its value to be any real number less than or equal 
to — 1 . This definition derives from |3] and this is available in some situation. Given 
a &V such that B{a, a) ^ 0, Sa denotes the map Sa ■ V ^ V by 



which is said to be a B -reflection. Then A is linearly independent and satisfies that 
(i) for all a, /3 G A with a ^ /3, one has 



(ii) for all a E A, one has B{a, a) — 1. 
Such a set A is called a simple system and its elements are simple roots of W . The 
Coxeter group W acts on V associated with its generating set S as composition of 
S-rcflections {sa ■ ct G A} genetrated by simple roots. The root system <i> of 14^ is 
defined to be the orbit of A under the action of W and its elements are called its 
roots. The pair ($, A) is said to be a based root system in (V, B). 

Given v d V, we define |ti|i by X]"=i if f = X)r=i ^iQ^j- Note that a function 
I • |i : y R is actually a norm in the set of vectors having nonnegative coefficients. 
Let Vi = {v £ V : \v\i = i}. For v £ V \ Vq, we write v for the "normalized" vector 
■pjjY € Vi. Also for a set A C \ Voj we write A for the set of all a with a E A. 

Our main interest is the distribution of limit points of roots of an infinite Coxeter 
group. In the case of a finite Coxeter group, its root system $ is finite. When a 
Coxeter group is infinite, $ is also infinite. So the classical tools developed in the 
Euclidean geometry are no longer usable. 

On the other hand, in a recent paper [3], some tools to deal with roots of infinite 
Coxeter groups were established as a first step of the study of them. Our motivation 
to organize this paper is to contribute further studies of the paper j3] . 

As is known in [3j Theorem 2.7 (i)], the norm of a positive root always deverges 
as its depth tends to infinity. Thus, in order to investigate asymptotical behaviors 
of positive roots, it seems to be needed to normalize them in some sence, which we 
will use I'll- 

Let q{v) = B{v, v) ioi V E V, Q = {v E V : q{v) = 0} and E a set of limit points 
of normalized roots p for p e $. It was proved in pi Theorem 2.7] that E C Q and 
also proposed the following. 

Conjecture 1.1 ([3l Conjecture 3.9]). Given an infinite Coxeter group W of rank 
n, the following assertions hold: 

(i) When Q C conv(A), we have E — Q; 

(ii) When Q <f_ conv(A), we have E — Q \ (UIILi W ■ Di), where Di, . . . , Dm 
are connected components of Q out o/conv(A) with m < n. 



Sa{v) — V — 2 



B{a,v) 
B{a, a) 



a for any v € V, 



B{a, 13) e (-00, -1] U <^ - cos - : fc e Z; 




'>2 



In this paper, we prove this conjecture for the case of rank 3. 
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Theorem 1.2. Work with the same notation as above. For an infinite Coxeter 
group of rank 3, we have the following: 

(a) When Q C conv(A), we have E = Q; 

(b) When Q i. conv(A), we have E ^ Q \ (|J™ i W ■ D,), where Di,...,D^ 
are connected components of Q out o/conv(A) with 1 < m < 3. 

Here w ■ x stands for the normalized action on Vi for w ^ W and x G Vi. See 
Section [2 

Remark 1.3. It is easy to calculate that the bilinear form i? on arising from 
a Coxeter group of rank 3 is either positive definite, positive semidefinite or has 
its signature (2,1) (cf. [H Section 6.7].) However, for a general Coxeter group of 
rank n, there exists a bilinear form whose signature is neither (n, 0), (n — 1, 0) nor 
(n - 1, 1). See Example Ol 

Moreover, as a by-product of Theorem 11.21 we also obtain the following. 

Corollary 1.4. Let W be an infinite Coxeter group of rank 3. Fix x E E. Then 

W^ = E. 

This corollary follows immediately from the proofs of Theorem 11.21 See Section 

m 

A brief overview of this paper is as follows. First, we will prepare some notations 
and collect fundamental facts in Section [2l Next, we will prove Theorem 11.21 in 
Section |3l At last, we will discuss Theorem 11.21 for the case of higher ranks in 
Section IH 

Acknowledgements. The authors would like to thank Yohei Komori and Hideki 
Miyachi for their helpful comments on Theorem 11.21 

2. PRELIMINARIES 

In this section, we prepare some notations and lemmas for proving Theorem 1 1.2 1 
As noted before, W acts on V as composition of _B-reflection. For analyzing 
asymptotical aspects of W (but we do not mention these aspects precisely here), 
we consider another action of on V. For v E V, we define v = rV- The new 

lull 

action of w £ W is given by 

vu ■ V :— w{v), V £ V, 

where w{v) denotes action of w defined before. 
Let 

:— { V £ V : all the coefficients of v are nonnegative } and 

:= { V £ V : all the coefficients of v are nonpositive }. 

It is known that based root system allows us to define positive roots $+ :— $0^+, 
and then $ = $+ U (— $+) (see, for instance, [HIS]). In other words, all the roots 
are contained in U . 

Remark 2.1. Let us consider v G Q D conv(A). Then |?i'('i;)|i is never equal to 
for any w S W, i.e., v ^ W{Vo). On the contrary, suppose that there exist 
w £ W and vq £ Vq with vq ^ such that w{vo) £ Q Ci conv(A). Then one has 
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q{w{vo)) — q{vo) — 0. Thus vq G Q- However, since QnVo includes only the origin, 
vq should be 0, a contradiction. Hence Q fi conv(A) never intersects with M^(Vo). 

Lemma 2.2. For x,y £ Q \ {0}, B{x, y) = ■<=^ x ^ y. 

Proof, li X ^ y, then there exists c G R \ {0} such that x ~ cy. By the definition 
of Q, it is obvious that B{x, y) = 0. 

For the inverse, we suppose that there exist x and y belonging to Q \ {0} with 
B{x, y) = 0. Then for any a, 5 G K, we have 

q{ax + by) = a^q{x) + 2abB{x, y) + b^qiy) = 0. 

This implies that Q includes a segment joining x and y. Obviously for any two 
vectors x,y € Q, a. segment joining them intersects Q at only x and y. Suppose 
that for any t € [0, 1], v{t) = (1 — t)x + ty is in Q. This includes v{t) must satisfy 
an equation q[v(t)) = 0. On the other hand, since this is a quadratic polynomial 
on t, it should have just two solutions t — 0,1. This contradicts that v{t) is always 
in Q for i e [0,1]. I 

Recall that in general, for a double indexed sequence a„^i having limits hi as 
n — ^ oo for each i and Cn as i — oo for each n, if the limit hi (for the index n) is 
uniform on i and there exists I — lim^ bi, then there also exists lim„^i_i.oo an,i which 
equals /, besides there exists lim„ Cn which equals lim„^i^.oo a^.i. Namely we can 
take a limit without caring about the order of indexes n and i when either sequences 
(an,i)n or converges uniformly; 

lim lim On.i = lim lim an,i. 

For each p G let 

dp(p) = 1 + min{A: : p = SoiSq^ ' ' ' (afe+i) for G A} 
be the depth of p. 

Lemma 2.3. Let w be an element in W with infinite order. Then for any p ^ E, 
one has ||w"(p)|i| — !■ oo as n — > oo. 

Proof. For any injective sequence (pi) in converging to p, there exists a sub- 
sequence pii^ satisfying the following; pi^, converges to p, injective and dp(pi^) < 
dp(pi^,+i). In fact, since pi converges to p, the depth of pi should go to infinity. We 
denote this subsequence (pi^) by (pi) anew. 

Note that for any n, i G N, w'^{pi) is in U V~ . Since our purpose is to show 
that the absolute value of tends to oo, it essentially suffices to show the 

case where all w"{pi) are in V'^. Other cases are treated in almost the same way. 

Let On^i := ^„^"^p.^|^ for all n, i G N. The double indexed sequence (a„^i) in R>o 
has the limit as n — >■ oo for each i and t — „} \, as i — >■ oo for each n. We claim 

\w"{p)\i 

that an,i converges as n oo uniformly. If this is true, then we have ^„^p^|^ tends 
to as n oo, and so the desired conclusion follows. 

In I'll is actually a norm, so that is equivalent to the Euclidean norm || • ||. 
Because of this, it suffices to prove the claim for the Euclidean norm instead of | • |i. 
By O Lemma 2.10 (n)], it holds that 

3A>0,VpG$+, llpf >l + A(dp(p)-l). 
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Fix K e M>o arbitrarily. Then the number of (n, G N x N satisfying 

1 + A(dp(u;"(p,))-1)<^ (1) 
is finite. In fact, for any fixed i satisfying dp(pi) < the number of n 

such that dp(w"(pi)) < -^^^ is finite. Furthermore, the same thing also holds 
for the claim given by exchanging the role of n for that of i whenever n sat- 
isfies that the word length of w" is at most So letting TV = max{n : 
(n, i) G N X N satisfying ([T]) }, we see that if n > for any i, then 1+A(dp(w"(pi)) — 
1) > K. This shows that ||u;"(/9i)|| — )■ oo as n — > oo uniformly. I 

Proposition 2.4. Let p Cz E. If a sequence (w" • converges to p for some 

w ^ W and p € Vi, then for any q ^ E, (w" • q) converges to p. 

Proof. We see that w has infinite order from assumption of the claim. Since p = 
lim„^oo • p, we have w"" ■ p = p for any n G N. Since B{w"{p), = B(j>, g), 

it holds that 

B(p,w;"-g) = B(w"-p,u>"-g) 

w" {p) w" (q) 



B 



|w"(p)|i ' 



h"(p)|i|w"(g)|i 

-B{p,q) — > 0. (n — !■ oo) 



k"(p)|i|u."((7)|i 

The last arrow follows from Lemma 12.31 Lemma 12.21 guarantees the conclusion. I 



From now on, we consider the case of rank 3. 

We define a metric on Q by a bilinear form B. Let r be an arc in Q joining x 
and y for x,y Q. The length isir) of r is defined by 

n 

Isir) = inf ^ \B{xi^i,Xi)\, 
1=1 

where the infimum is taken over all chains C ^ {x = xq, xi, . . . ,Xn = J/} on r with 
unbounded n. 

Given x,y Q with x ^ y, there are two arcs ri, r2 in Q whose end points are 
x and y. We define 

dB[x,y) = min{^_B(ri),^B(r2)}. 

We notice that dsiQxQ— >-Eisa metric on Q. In fact, the nonnegativity and 
triangle inequality of are obvious by definition (cf. (H Section 1.24]). Moreover, 
since B is symmetric, the symmetry of ds also follows immediately. In addition. 
Lemma 12.21 guarantees that dB{x,y) = for x,y ^ Q ii and only if a; = y. Thus 
(Q, ds) is a metric space. We remark that the identity map id : (Q, ds) — > {Q, ds) 
is continuous, where ds is the Euclidean metric, so it is a homeomorphism. 

The interval [x,y] in Q is the arc which attains dB{x,y). Let L{x,y) (resp. 
L[x,y]) denote the line through x and y (resp. the se(;ment joining x and y). Using 
this, we define a valuable idea given in [51. That is, we say that x G conv(A) n Q is 
visible from w G A if L[x, v]r\Q = {x}. Given z G A, we call the set of all visible 
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points from z in conv(A) n Q visible arc from z. If there is no confusion, then we 
simply call it a visible arc. 

We notice that there is no simple root from which all elements in Q are visible. 
Note that for the case of rank 3, (3nconv(A) is covered with three visible arcs from 
all the simple roots. 

Let Hx,s = {v ^ V : B{x, v) = s} be the hyperplane. We also remark that 
for X € V and for any y lying between H^^si and -ffa;,s2i where Si < S2, we have 
si < B{x,y) < S2. 

Lemma 2.5. The following hold: 

(i) Any visible arc from some simple root attains ds^x, y) between its end points 
X and y. 

(ii) For (5 G A, let p' G Q be visible points from 5 and r the arc attaining 
dB{x,y). Then one has 

tB{r)<tB{ss-r). (2) 

Furthermore, if an arc sg ■ r is visible from some other simple root, then 
one has 

dsip, p') < dsiss ■ p,ss ■ p'). 

(iii) The equality of Q holds if and only if one has either p — p' or {p, p'} = 
{sg ■ p,ss ■ p'} with p^ p' . 

Proof, (i), (ii) We first claim that the image of some visible arc r from (5 G A by 
ss is longer than r with respect to £b- By definition of and bijectivity of sg, it 
suffices to show that \B{x, y)\ < \B{ss ■ x,ss • y)\ for any x,y G r. 

From 3, Proposition 3.7 (i)], the visibility of r from S implies that B{6,x) > 
and B{S, y) > 0. Moreover, since B{S, S) = 1, we have B{S, a;) < 1 and B{S, y) < 1. 
Hence 

\\ss{x)\i\ = \\x-2B{S,x)S\i\ - |l-2B((5,x)| < 1. 
Similarly, ||s5(?/)|i| < 1. Therefore, 

I|s5(a;)|i| • \\ss{yj\i\ \\ss{x)\i\ ■ \\ss{y)\i\ 

Next, from this argument, we observe that a visible arc r from S € A attains the 
distance of its end points p and p' . In fact, the other arc joining p and p' must 
contain ss ■ r. More of this, if • r is also a visible arc from some other d' G A, 
then this attains the distance between ss ■ p and ss ■ p' , as desired, 
(iii) The "if" part is clear. 

Now, for any e > 0, by the definition oi £b, there is a chain {p = Xq, Xi, . . . , Xm = 
p'} satisfying 

m 

(1 + e)£B{ss ■ P,ss ■ p') > ^ \B{ss ■ Xi^i,ss ■ Xi)\. (4) 

i=l 

Since for all i G {1, 2, . . . , m} we have \B{ss -Xi-ijSs • Xi)\ > \B{xi-i,Xi)\ and 
J27Li \B{xi^i,Xi)\ > £b{p, p'), there exists i G {1, . . . , m} such that 

(1 + e)\B{xi-i,Xi)\ > \B{ss ■ Xi-i,ss ■ Xi)\ > \B{xi-i,Xi)\. 
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Furthermore, from \B{ss ■ Xi_i,ss ■ x^)\ = | | sa(J.^i^ l i l - i rs'X.)lil ' ^^^^ 

^ ~ ||s5(a;j-i)|i| • ||s5(xi)|i| ^ 
From an easy calculation using < B{5,xq) < 1 and |s5(a;i)|i = |1 — 2B{S,Xi)\, 

' >\B{x,,S)\or\B{x,,S)\>J-^^ (5) 



2(l + e) - ' ^ ' ^ " " - 2(l + e) 

holds according to the sign of 1 — 2B{xi, S). 

Take e = with k G Z>o- Then for each k, we can choose Xi{k) in [p,p'] 
satisfying above. Let T = max{B{6,v) : v € [p,p']}. Thus, for sufficiently large k, 
since 2{i+e) > latter case of (O never happens. 

On the other hand, for each sufficiently large fc, let y{k) £ [p,p'] be the point 
attaining j/(A;)) = ^. Since £B{p,y) = ^B(S(5-p,S5-y(fc)), the above discussions 
for e = can be also applied for the interval [p,y{k)], i.e., there exists z{k) such 
that 2{i+f.) — holds. This implies that z{k) has an accumulation point 

in Hs,o n Q as fc tends to infinity. Hence p G Hsfi D Q. Similarly, we also know that 
p' G Hs.o n Q. Therefore, we obtain the required assertion. I 

3. A PROOF OF Theorem 11.21 



The goal of this section is to prove Theorem 11.21 

Let {W, S) be a Coxeter system of rank 3 with 5 — {sa, s^, s^} and A = {a, /3, 7} 
its simple system. 

For the proof of Theorem 11.21 we divide two cases; 

(a) -1 < B{a,P) < 0, -1 < S(/3,7) < and -1 < B{a,j) < 0. 

(b) other cases, i.e., there are distinct S and 5' in A such that B{S,6') < —1. 
We note that both proofs are almost the same. 

3.1. The case of (a). First, we concentrate on the case of the Coxeter group, 
where (sqS^)™ — l,(s^s^)" — 1, (sqS^)'^ — 1 with 111,71, k G Z>2 U {00} and 
B{S,5') = —1 if the order of sgsg' is infinity, where 6,6' G A. 

We now come to the position to prove the case of Theorem 11.21 (a) . 

Proof of Theorem \1.2\ (a). In the case of an infinite Coxeter group, the order of 
SaSps^ is infinite. (Consult, e.g., [U Theorem 8.4].) Thus, for any simple root 
(5 G A, there exists a converging subsequence of ((sqS^s^)" • 6)'^^^. Let p be one 
accumulation point of such subsequence and 



TZp^ {w p:w gW} C E 

the closure of a set of limit points. Proving TZp = Q leads us to the desired 
conclusion E — Q since TZp C E C Q. 

First, we prove that there exist at least three points a, /3, 7 in TZp satisfying the 
following three conditions: 

a is visible from both /? and 7; 
/3 is visible from both 7 and a; 
7 is visible from both a and /3. 

Let {61,62,63} = A. 
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• When the order of ss-^ss2 is mfinite, we may set 63 ~ H^n^ooiss^ss^)" ■ p- 
Then (S3 e TZp and it is easy to check that (S3 is visible from both 5i and (S2. 

• When the order of sg-^^ss^ is finite, say, (sqS/j)™ = 1 with m < 00, the order 
of the parabohc subgroup W generated by Sa and is 2m. Let Va (resp. 
Vp) be the set of the points in W' ■ p which are visible from a (resp. /3) but 
not visible from j3 (resp. a). Then Va and Vp have the same cardinality n 
with n < m. Suppose that there does not exist 7, i.e., Va ClVp = 9- So we 
can write Va = {pi, . • . , Pn} and Vg = {p[, . . . , p'^}. Observe that Sa and sp 
act on each Va and Vp as permutations (Ta, cr^ ■ {1, • ■ • , — ^ ■ ■ ■ 

so that Sa-Va = {P'^^(^iy ■ ■ -^Pa^in)} ^nd S p ■ Vp = {Papil),---,P<Tpin)}- In 

particular, we recognize that each image of the points in Vp by Sa must be 
visible from a and vicG vers&. Moreover, the perniutcLtion cr^a ■ — o'^o'ot has 
order n. As stated before, each i?-refiection extends the length of visible 
arcs. So we see that 

dB{pt,Pj) < dB{Paf,^(€),Paf,^(j)) 

- '^B{PalJi),Pal^{j)) 
< . . . 

- '^B{Pa^^ii),Pa^Jj)) = dBiPt,Pj), 

for any i, j G {1, 2, . . . , n}. Thus all the equalities of these inequalities must 
be satisfied. By virtue of Lemma l2.5l fiii). it happens either that pi = pj or 
that {pi, Pj} = {sp ■ Pi, sp ■ Pj} with pi ^ pj. The latter case forces that pi 
or Pj belongs to Vq fl Vg, a contradiction. Thus each of Va and Vp consists 
of one element. Let Va = {pi} and Vp = {p'l}. Then four poitns a,pi,p[ 
and /3 should lie in the same line. On the other hand, since W is finite, 
L{a, (3) does not intersect with Q, a contradiction. Hence Va CiVp is not 
empty. This means that 7 exists in W' ■ p. 

Next, we prove the desired assertion. We now suppose, on the contrary, that 
T^p Si Q- That is to say, there exists an interval [ai, 61] in Q such that no element of 
TZp is contained in the open interval (ai, &i) but ai, 61 G TZp. Hence [oi, 61] C [a, /3] 
or [ai,6i] C [/3,7] or [ai,&i] C [7,5] occurs. 

Let, say, [oi, 61] C [a, /3]. Let a2 — Sj- oi and 62 = s^-bi. Then either 02 G [5, 7] 
or 02 £ [/3j7]: and so is &2- Moreover, if 7 G [02, &2], then • 7 G [ai,6i], a 
contradiction. Thus, 7 ^ [02,62]- In particular, [02,62] C [0,7] or [02,62] C [/3,7] 
occurs, say, [02,62] C [5,7]. From Lemma 12.51 (ii). we notice that dB{ai,bi) < 
^5(02,62). 

Similarly, for each n > 1, if [o„,6„] C [^i,(S2], then we set o„+i = • a„ 
and 6„+i = • 6„, where {^1,52,^3} = A. Moreover, we also have (is(o„,6„) < 
ci_B(o„+i, 6,1+1). In addition, [o„,6„] CiTZp = {a„,6„} and (ai,6i) n (oj , 6j) = for 
all i and j with i ^ j. Now we have known that (Q, ds) is compact, in particular, Q 
has a bounded £b length. Hence it should be satisfied that there exists a sufficiently 
large N such that 

dB{a.N, 6jv) = d_B(oAr+i, 6jv+l) ~ ■ ■ ■ . 

By Lemma [2.51 (iii). two situations un ~ 6jv and {ai^^hjq} = {oat+i, 6jv+i} can 
happen. Since dB(aN, b^) — Q ii — 6jv, this never happens. On the other hand. 
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the condition {ajv, bN} — {cln+i, ^at+i} implies that {un, bN} = Hg^ n Q for some 
(5 G A. Then it is clear that • (5 is contained in {aN^b^), also a contradiction. 
Therefore, we conclude that TZp = Q, as required. I 

Here we emphasize that from this proof, we see that any base point p defines the 
same TZp — Q. This fact proves Corollary 11.41 

3.2. The case of (b). We consider the case where there exist S and S' in A such 
that B{S,6') < —1. Then the parabolic subgroup generated by sg and ss' has 
exactly two accumulation points ([3l Example 2.1]). So there exists a component 
Dss' C Q intersecting with conv(A) at two points. Let 

{D,,...,D„,}^{Dss' -.S.S' &A,Bi6,S') <-l} 

denote such connected components out of conv(A), where m G {1, 2, 3}. What we 
must show is 

E = Q\ (^[jW-D}j . 

Modifying slightly, we can prove this in the same manner as the case (a). Namely, 

when 3(61,62) < —1 for 61,62 G A, we use the end points 6^^"^ and 6^^ of the 

component Dg-^g^ instead of 6;^. These (Sg^-* and 6^^^ also belong to TZp for some 
accumulation point p. The rest of the proof are similar. I 



4. Towards the cases of higher ranks 
Finally, we discuss Theorem 11.21 for higher rank cases. 

For a Coxeter group W of rank > 3, in the case where B has the signature 
(n — 1,1), some suitable generalization of our proof of Theorem 11.21 seems to show 
that Conjecture [LT] is also true for W. For example, we need to extend the metric 
(Ib for the higher rank cases, which is not a length metric but a Finsler metric. 

On the other hand, our proof requires the convexity of {v gVi : q(v) < 0}. This 
convexity comes from what the signature of i? is (n— 1, 1). However, unfortunately, 
we have examples of B which are neither positive definite, positive semidefinite nor 
have the signature (n — 1, 1). 

Example 4.1. Let be a Coxeter group of rank 4 with its generating set {ai, . . . , a^}, 
where 

B{ai,a2) = -a, 5(02,03) = -6, 5(03,04) = -c, 
5(01,03) = 5(01,04) = 5(02,04) = 

with a, &, c G {cos (■^) : k G Z>2}U [1, 00). It then follows from an easy computation 
that the signature of 5 is (2, 2) if and only if 5 is neither positive definite nor 
positive semidefinite, and three positive real numbers a, b, c satisfy a? + b^ + — 
a?c^ < 1. (Consult, e.g., [1] for the classification of 5 of positive definite or positive 
semidefinite type.) For example, when (a, b, c) — (2, i, 2), this condition is satisfied. 
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